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1 Introduction 



In this paper we give a complete classification of canonical forms for skewad- 
joint operators on pseudoeuclidean vector spaces, complementing O'Neill's 
results [7] on selfadjoint operators. 

There is a certain skewadjoint operator in the integration of the geodesic 
equations on a 2-stcp nilpotent Lie group with a left-invariant metric tensor, 
usually called J after Ebcrlcin [3]. In the Ricmannian (positive definite) case, 

is always diagonalizablc. This makes possible the completely explicit 
integration of the geodesic equations (compare [3] and [2]) and the rather 
complete and explicit determination of the conjugate loci (compare [5] and 
[6]). In attempting to extend some of these results to the pseudoriemannian 
(indefinite) case, it became apparent that we needed a set of canonical forms 
for such skewadjoint operators J. Obtaining the list turned out to be a 
sufficiently involved process that we are presenting it separately. 

Throughout, we consider a (finite-dimensional) vector space V provided 
with an inner product (,); i.e., a nondegenerate, symmetric bilinear form 
which is generally indefinite. When necessary, we comment on differences 
if the form is actually definite. Also, J : V ^ V will denote a skewadjoint 
linear operator. 

We used [4] as our main reference for linear algebra, and [1] to a lesser 
extent, and refer to them for all details relevant to the computational pro- 
cedures employed. 

2 Prepciration for the classification 

To begin, we consider the minimal polynomial of J in the (preliminary) form 

Pit) =f[{t'- 2a,t + (a^ + b^)f n it' + \')' n(* - ^^ir 

i—1 i—1 i=l 

where 7^ 7^ 6^, > 0, and all a^jbi, Xi, Hi are real. The types of 
factors correspond to complex eigenvalues that are not pure imaginary, pure 
imaginary eigenvalues, and real eigenvalues, respectively. 

Proposition 2.1 For fii ^ 0, 

ker ( J - /Xi/)"' and ker ( - 2ai J + (a^ + 6^")/)''" 
are null subspaces ofV. 
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Proof: If It, f € ker( J — fXil)"^' , then 

{u,{j + fiii)"''v) = {{-J + naT'u,v) 

= {i-ir'{j-fiiir^u,v) 

= 0. 

Note that (J + fi^I)"^' : ker( J — ^Uj/)'"' ker( J — ^u,/)™' is nonsingular. Thus 
it follows that {u, v) = for all u, v and ker( J — Hil)™'' is null as claimed. 
The other case is done similarly. □ 

Proposition 2.2 For nonzero Hi, keT{J + j^il)""' and ker(J^ + 20,7+ (a^ + 
are complementary null subspaces to ker(J — fj,il)"^' and to ker(J^ — 
2aj J + (a? + bf)I), respectively. 

Proof: Suppose ker( J + /Xji) = 0. Then we see that J + /x,/ : W ^ W is 
nonsingular, where 

W = 0ker (J2 - 2a,J + (a? + b^)!)"' 

i=l 

+ ker ( J2 + A,I)'' + ker (J - /x,/)"^ 

i=l j^i 

By the previous result, if 7^ w G ker (J — then there exists w eW such 
that = 1. Since J + /Xj/ is nonsingular on W, there exists w' E W 

such that (J + iJLiI)w' = w. But now we have 

1 = (n, w) = {u, (J + Hil)w') 
= ((-J + Hil)u,w') 
= -((J - Hil)u,w') 
= 

which is a contradiction. Thus a power term (t + /Xj)™* must appear in p{t). 
We shall show that m[ = rrii. 

Suppose m'^ < rUi. We can choose u € V such that (J — Hil)"^'^^u 7^ 
and (J — Hil)'^'u = 0. Then there exists v e W such that ((J — 
IJ.iI)"'*-^u,v) = 1. Since - 1 > m'^, (-l)™'-i(J + /Xi/)'"*-^^ G W'l where 

= ker (J2 - 2a, J + (a? + 6,2)/)'^ 
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+ ker (J2 + \lt + ker (J - /x,/)"^ 

Since (J + /J^il)"^' : VKi — VF^i is nonsingular, there exists v' G VFi such that 
(J + = {-1)"''-\J + Hil)"'^-^v. But now we have 

1 = (tx,(-ir*-i(J + /Xi7r^-ii;) = {u,{J + txJ)"''v') 

= 

which is a contradiction. Thus m'^ > rrii. Interchanging roles, we get > 

m- so TO- = TOj. 

Now we show that ker(J + Hil)"^' is a complementary null subspace to 
ker(J — Hiiy"". For 7^ « G ker(J — Hil)"^\ there exists u) € such 
that {u,w) = 1. Now write w = wi + W2 where wi G ker(J + fXil)"^' and 
W2 EWi. Since (J + fiil)"^' -.Wi is nonsingular, there exists such 

that (J + iiil)"'^w'2 = W2- So we have 

1 = (n, u;) = (n, u;i + u;2) = (u, + (-u, i(;2) 

= {u,wi) + {u,{J + HiI)"''w'2) 

= {u,w,) + {{-ir*{j - ,iiir*u,w',) 

= {u,wi) + 
= {u,wi) . 

It follows that ker(J — jjiil)"^* and ker(J + jjiil)'^' are complementary null 
subspaces (of each other). 

Similarly, one may show that kcr(J^ + 2a,; J + (a^ + b^)I) and ker(J^ — 
2aiJ + (a^ + h1)I) are likewise complementary. □ 

Prom these two propositions it now follows that the minimal polynomial 
of J can be written in the form 

P{t) = n - 2aii + (a? + h1)t {t' + 2a,t + (a? + b^)f 

(2-1) 

i=l i=l 

where Oj ^ 7^ 6^, Aj > 0, /Xj 7^ 0, and all ai,bi,Xi, fj,i are real. 
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Proposition 2.3 ker( - 2aiJ + (a^i +b^)I)''' ©ker( + 2a, J+ (a^ + 1)^)1)''^ 
forl<i<p, ker(j2+A^2/)'' for\<i<q, kev{J-ijLiI)"'^(Bkev{J+nJy"^ for 
1 < i < r, and ker J* are J -invariant, mutually orthogonal, nondegenerate 
subspaces of V. 

Proof: These are rather straightforward calculations. As an example, we 
show that each ker(J^ + A^)'* is nondegenerate. 

Suppose a vector u G ker(J^ + A^/)'* satisfies {u,v) = for all v G 
ker(j2 + Af/)'-. Let 

= (ker(j2 - 2a, J + (a^ + b^,)!)''^ ker(j2 + 2a, J + {a^, + b1)lf^) 

i=l 

r 

© (ker(J - /Xi/)™* © ker(J + /Xi/)™^ 

i=l 

© 0ker(j2 + A|/y^ ©ker J^ 

Then (J^ + A^/)'' : ^ is nonsingular, lience surjective. This and 
{u, {J^ + Xfiy*w) = {{J^ + XflY'u, w) = (} for all weW imply that {u, w) = 
for all w G W, thus (n, = for all u G F, so = since F is 
nondegenerate. Consequently ker( + A^/)'* is also nondegenerate. □ 

It now follows that J can be decomposed as an orthogonal direct sum of 
skewadjoint operators on each of these subspaces: 

ker(j2 - 2aiJ + (a^ + b^)/)^* © ker(j2 + 2aiJ + (a^ + 62)/)^* 

for 1 < ? < p ; 

ker( J2 + Xflf* for 1 < z < 5 ; 

ker( J - /Xi/)"* © ker( J + /Xi/)™* for 1 < z < r ; 

ker J^ 

Thus it will suffice to classify skewadjoint operators of each type. 

3 Minimal polynomial (t^ - 2at + {a^ + b'^))'' (t^ + 2at + 

If J is such a skewadjoint operator on V, then we can also consider J as a 
skewadjoint operator on the complexification U = V''^ofV. Here the inner 
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product is extended by bilinearity in the usual way. 

{Vi +iWi,V2 + iW2) = {Vi,V2) - {Wi,W2) +i{{Wi,V2) + {Vi,W2)) 

The minimal polynomial of J factors over C as 

{t-{a + ih)f{t - (a - ih)f{t + (a + ih)f{t + (a - ib)f . 

Then there exists a vector « + if G [7 such that [J —{a + ib)I)''~^{u + iv) 7^ 
and ( J - (a + ih)lY{u + iv) = 0. Since Re(J - (a + ih)lY^^{u + iv) and 
Im(J - (a + ih)If-^{u + iv) lie in ker(j2 - 2a J + (a^ + b^)/)*^, there exist 
u;, X G ker( J2 + 2a J + (a^ + h^)!)^ such that 

((J - (a + i6)/)'^"^(ti + i?;),it; + ix) = 2 (3.1) 

by Proposition 2.2. Now we need the following result. 

Lemma 3.1 Ifu + iv G ker(J — (a + z6)/)'^ andw + ix G ker(J + (a — zfe)/)*^, 
then {u + iv,w + ix) = 0. 

Proof: Since 

(J + (a + i6)/)'' : ker ( J + (a - ift)/)'' ^ ker ( J + (a - 
is nonsingular, there exists w' + ix' G ker ( J + (a — it)/)*" such that 
( J + (a + i6)/)'' (u;' + ix') = w + ix. 

Thus, 

(-a + iv, li; + ix) = (n + it;, ( J + (a + ih)I)^ {w' + It')) 

= ((-1)'= ( J - (a + i6)/)'' (u + ii;), w' + ix') 
= (0, w' + ix') 

= 0. ^ 

Write w + ix = Wi + ixi + W2 + ix2 with wi + ixi G ker ( J + (a + ih)I)'^ and 
u;2 + ix2 G ker ( J + (a — ib)!)''. Then from (3.1) and Lemma 3.1 we obtain 

2 = (( J - (a + ib)I)''-\u + iv),w + ix) 
= {{-{a + ib)l)''~^{u + iv),wi +ixi +W2 + ix2) 
= ((J - (a + i6)7)'="^ {u + iu), Wi + ixi) 
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This implies that we may assume that 

w + ix e ker ( J + (a + ih)I)^ 

in (3.1). Since w — ix E ker( J + (a — ib)I)'^, we have via Lemma 3.1 

((J - (o + ib)I)^{u + ii;), ( J + (a - (w; - ix)) = (3.2) 

for all nonnegative integers h,j. 

Also, we can find complex numbers ai, 02, . . . , fl/t-i such that 

{{u + iv) + ai(J - (a + i6)/)(n + if ) H 

+afe_i(J - (a + ih)I)''^^{u + iv),w + ix) =0, 

((J - (o + i6)I)(ti + if) + ai(J - (a + ib)lf{u + iv) ^ 

+afe_2(J- (a + i6)I)''"^(u + zi;),i(; + ix) = 0, 

{{J -{a + ib)I)''-^{u + iv) + ai{J -{a + ih)lf-\u + iv),w + ix) = 0. 
Replacing u + ivhj 

{u + iv) + ai(J - (a + ib)I){u + iv) -\ h afe_i(J - (a + ib)lf~'^{u + w) 

we have 

((J - (a + ib)I)^(u + iv), w + ix)=Q for < /i < A; - 2 . (3.3) 

Note that (3.1) and (3.2) continue to hold as well. 
Let Ui = u and vi = v and set 

(J - (a + ib)I)^{ui + ivi)= Uh+i + ivh+i for 1 < /i < A; - 1 . (3.4) 

Then 

Jvh = buh + av,j + Vh+i 



Juk = aUk - bvk 
Jvk = buk + avk 
Now (3.1) implies that 



(3.6) 



( J + (a + ib)I)''~^ {w + ix) 7^ , 
( J + (a + i^)/)*" (w + ix) = 0. 



Let Wi = w and Xi = x and set 

(J + (a + ih)I)^{wi + ix-i) = Wh+i + ixh+i for l<h<k-\. (3.7) 
Then 

Jw, = -aw, + hx, + w,,. forl</.<fc-l (3.8) 
Jxh = -bwh - axh + Xh+i 



Jwk = -awk + bxk 
Jxk = —bwk — axk 

By (3.1), (3.2), and (3.3), 

((J - (a + ib)lf{ui + ivi), {-iy{J + (a + ib)iy{wi + ix^)) 

_ ( 2 if h + j = k-l, 
I otherwise, 

((J - (a + i6)/)"(ni + iv,), i-iy{J + (a - i6)/)^(u;i - ix^)) = 
for all nonnegative integers h,j. This implies that 



(3.9) 



2 if /i + j = A; - 1 , 
otherwise. 



{uh+i + iVj+i, {-iy{wj+i + iXj+i)) -- 

{uh+i +iVh+i,Wj+i -ixj+i) = 
for all nonnegative integers h, j. Thus we have all inner products zero except 

{un,wj) = i-iy-' 

I \ r h + j = k + 1. 

{vh,Xj) = {-ly 

(Recall that ker(j2 - 2aJ + (a^ + b'^)I) and ker(j2 + 2aJ + (a^ + b'^)I) 
are null subspaces.) Note that {ui,Vi, . . . ,Uk,Vk,Wi,Xi, . . . ,Wk,Xi.} spans 
a J-invariant, nondegenerate subspace. Hence there exists a J-invariant, 
nondegenerate subspace N oiV such that 

lui,vi, . . . ,Uk,Vk,Wi,Xi, ...,Wk,Xkj®N 



7 



is an orthogonal direct sum. On the subspace lui,Vi, . . . , Wk,Xk}, the matrix 
of J is 2A; X 2k of the following form. 



a b 
—b a 

1 a 6 
1 -6 a 



a b 
—b a 

1 a 6 
01-60 



—a —b 
b —a 
1 
1 



-b 
-a 



—a —b 
b —a 

1 -a -b 
1 b -a_ 

Continuing this process, we get an orthogonal direct sum of J-invariant 
subspaces Vh such that on each of them, J has a matrix of the preceding 
form but of size 2r x 2r for some r with 1 < r < A;, with respect to a basis 
of the specified type. 



4 Minimal polynomial (t^ + A^)' 

Let J be a skewadjoint operator on V with such a minimal polynomial. 

Lemma 4.1 There exists a vector v E V such that v, (J^ + \'^I)v, . . . , 
( + y^If'^^v are linearly independent and {v, ( + A^/)'~^v) ^ 0. 

Proof: Since the minimal polynomial of J is (i^ + A^)', there exists v 
such that V, ( + \'^I)v, . . . , ( + A^/)'"! V are linearly independent. 

If {v, ( + X^lY~^v) = 0, then there exists w £ V such that {w, {.P + 
X^iy^^v) 7^ 0. If {w, {,P + X^iy^^w) =^ 0, then we simply replace v with 
w and verify that we have achieved the desired result; otherwise, replace v 
with V + w and verify that this works. □ 
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So we may start with f G F as in the Lemma. Set {J + iXlYv = Ui + ivi 
and observe that {ui+ivi), {J — iXI){ui+ivi), {J — iXiy~^{ui + ivi) are 
Unearly independent over C and that {J — i\iy{ui+ivi) = {J'^ + X'^iyv = 0. 
Let 

(J — zAI)'' {ui + ivi) = Uh+i + ivfi+i for < h < I — 1 . 
First off, we have 

{uh + ivh, Uj + ivj) = for 1 < h,j < I 

since 

{uh + iVh,Uj +iVj) 

= ((J - ixif-\j + ixiyv, (J - ixiy-\j + ixiyv) 

= (-1)'((J - iXlf-\J - iXlYiJ + iXiyv, (J - iXiy-^v) 

= - ixif-\j^ + x^iyv, (J - ixiy-'v) 

= 0. 

This imphes that 

{Uh,Uj) - {Vh,Vj) =0 f 1 . IX 

for 1 < h,j < I . (4.1) 

(n^,?;^) + (i;/j,nj) = 
Next, we have 

{ui + ivi,Uh - iVh) 

= {{J- ixiy-^ (J + ixiyv, (J + ixif~\j - ixiyv) 
= - ixiy+"-^j + ixiyv, (J - ixiyv) 

= {-If -'{{J - ixif-^{j^ + x^iyv, (J - ixiyv) 

whence 

{ui + ivuUh - iVh) = for 2 < /i < Z . (4.2) 

Note that + iXiy-^v = -X'^{J'^ + iX'^iy-^v. We use this in the 

following computation. 

Lemma 4.2 If I is odd, then {ui + ivi,Ui—ivi) is a nonzero real number, and 
if I is even then it is nonzero pure imaginary. Moreover, {uh + iVh,Uj —ivj) 
is real when h + j is even and pure imaginary when h + j is odd. 
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Proof: We compute 

{ui + ivi,ui - ivi) 

= ((J + iXlYv, (J + i\iy-\J - iXlYv) 

= -((J + ixiy+'v, {.p + x'ly-^v) 

= -{{j'^' + i^\'){i>^)J' + ■■■ + (!7)WJ + (ixy+'i) V, (J' + \'iy-'v) . 

If I is odd, 

{u,+iv„ui-ivi) = -((j'+i - C+^)AV'-i + Ct^)AV'-3 - ■■■ 

+ (-l)^A'+i/)t;,(j2 + A2l)'-i) 
= -(((-l)^A'+i - C+i)A2(-l)^A'-i + • • • 

+ {-iy-^X'+')v,{J^ + X^iy-'v) 

= (-i)^A'+^ 

+ (l+J) + l) {v, iJ' + A^/)'-^^;) 

which is a nonzero real number. If / is even, an analogous computation 
yields a nonzero pure imaginary number. The rest is done similarly. q 

Now assume that / is odd and consider a vector of the form 

w + ix = {ui + ivi) + ai{u2 + iv2) H h Oii_i{ui + ivi) . 

Then we can determine the (complex) coefficients aj such that 

{w + ix, (J + iXlf{w - ix)) = forO</i<Z-2. 

Indeed, consider 

{w + ix, (J + iXiy~'^{w - ix)) 

= ((ui + ivi) + ai{u2 + iv2) H h Q:i_i('U; + W;), 

(ni_i - ivi_i) + ai{ui - ivi)) 
= {ui + ivi,ui_i - ivi_i) + ai{u2 + iv2, ui_i - ivi_i) 
+ ai{ui +ivi,ui -ivi) . 

Since {ui + ivi,ui-i — ivi^i) is pure imaginary and {u2 + iv2, ui^i — ivi^i) = 
— (ui + ivi,ui — ivi) is real, we can find a pure imaginary ai such that 

{w + ix, (J + iXiy~'^{w - ix)) = . 
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At the next step, there are six such inner product terms (with coefficients) 
which are aU real. We obtain a real ai such that 

{w + ix, (J + i\iy~^{w - ix)) = . 

Continuing inductively, we find all the desired coefficients. 

Replacing the previous Ui + ivi with w + ix so determined, using (4.1), 
(4.2), and Lemma 4.2, and rescaling, we have 

{uh + ivh^ Uj + ivj) = for 1 < /i, j < Z ; 



{uh + iVh,Uj -iVj) 



-1)^(±2) if/i + j = Z + l, 
otherwise. 



In other words, all inner products among the and Vj are zero except 

{uf„u,) = {vf„vj) = {-iy{±i) if h+j = i + i. 

Since (J — iXI) {u^ + iv^) = Uh+i + iv^+i ioi 1 < h < l — l and (J — iXI) {ui + 
ivi) = 0, the matrix of J on f i, is 2Z x 21 of this form. 

A 

-A 

1 A 
1 -A 

A 
-A 

1 A 
1 -A 

If I is even, the condition on inner products of the basis vectors becomes 

{vh,u^) = -{un,Vi) = {-iy{±i) iih+j = i + i 

with all others vanishing as before, while the 21 x 21 form of the matrix of 

J remains the same. 

We finish by continuing this process as at the end of the preceding sec- 
tion, with 1 <r <l now. 



11 



5 Minimal polynomial (t — /Lt)"^(t + /J,) 



Let J : V ^ V he a skewadjoint operator with such a minimal polynomial. 
Then V = ker(J - ;u/)" ker(J + ^/)" = Wi e W2 where Wi and W2 
are complementary null subspaces by Propositions 2.1 and 2.2. There exists 
V G Wi such that v, {J—iJ,I)v, . . . , {J— iJ,I)"^~^v are linearly independent and 
{J—fiI)"^v = 0. Then we can choose w € such that {{J—iJ,I)"^~^v, w) = 1 
and there exist real numbers Oi, . . . , a„_i such that 

{v + ai ( J - At/)?; + • ■ ■ + a„_i ( J - iJ.I)"'-'^v, w) = 
{{J - Hl)v + ai{J - nlfv + ■ ■ ■ + am-2iJ - fiir~^v,w) = 

{{J - Hl)"'-^v + ai{J - iil)"'-^v,w) = 

If we replace v by i'+ai(J— • •+am_i(J— //I)™"^?; and set Vi = v, 
V2 = {J - IJ.I)vi, = (J - fJ-I)vm-i, and Wi = w, W2 = {J + lil)wi, 

. . . , Wm = ( J + iJ,I)wm-i, then all inner products are zero except 

{vi,w,) = {{j-fiiy-'v,{j + fiiy-'w) 

= i-iy-'^ if z + j = m + 1. 

We also have a J- invariant, nondegenerate subspace N such that V = 
fvi, . . . ,Vm,Wi, . . . , Wjnl © AT is an orthogonal direct sum. With respect to 
the obvious basis, the matrix of J on the first subspace is block-diagonal 

1 /X 

1 •. 

1 fi 

-IJ- 

1 -II 

1 ■•. 

with two elementary Jordan diagonal blocks, each m x m. 
We finish as before, with 1 < r < m now. 
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6 Minimal polynomial 

Let J be such a skcwadjoint operator. Then there exists a subspace Vi of V 
such that V = ker J"""^ © Vi, whence J'^'^V = J'^^^Vi. Since J^^^Vl is a null 
subspace, there exists a complementary null subspace Wi and a subspace 
N which is orthogonal to their direct sum so that V = {J^~^Vi © Wi) © N. 
Then J^"^y = J^'^Fi = J^"^l^i© J'^^iV. Since PTi is a complementary null 
subspace to J^^^Vi, this implies that J^^^T^i = J'^^^Wi and that J^~'^N C 
j*-ipI7^. Thus we may assume that H^i = Vi and we have 

y = j'*-iFi©Fi ©AT 

where J^~^Vi and Fi are complementary null subspaces (of each other) and 

is orthogonal to their (direct) sum. 

Firstly, assume that s is even. Consider J'^'^Vi for a nonzero vector in 
Vi. Then there exists Wi G Vi such that {J^~^Vi,Wi) = 1 and Vi and Wi are 
linearly independent. 

Lemma 6.1 fvi, . . . , J^~^Vi,Wi, . . . , J^~^wil is a J -invariant, nondegener- 
ate, 2s-dimensional subspace of V. 

Proof: Suppose aiVi + h UgJ^'^Vi + biWi H h bsJ^~^Wi = for real 

ai,bi. Applying J"^^ to this equation, we obtain aiJ^~^Vi + biJ^~^Wi = 0. 
Then {aiJ'^^^Vi + 6i J*~^i(;i, lUi) = ai = whence 6i = 0. Continuing this 
process, all the coefficients vanish so our list is a basis and the subspace is 
2s-dimensional . 

If {aiVi-\ [-J^~^Vi+biWi-\ \-J^~^Wi,u) = for all u in our subspace 

with real a^, bi, then replacing u by J^~^Wi yields Oi = 0. Continuing in this 
way, all the coefficients vanish again; this time it shows that our subspace 
is nondegenerate. □ 

Next, we can find real numbers a,;, bj such that if v = Vi+aiJvi+a2,Pvi + 
asJ'^Vi + • • • + Us-iJ^^^Vi + biJwi + b^Pwi + b^J-'wi + • • • + J'^^tfi, 
then 

{v, J^v) = {v, J^wi) = for0</i<s-2. 
Replacing vi by this v, we may assume that 

{vi,J^Vi) = for < /t, 
{vi,J^Wx) = Q for0</i<s-2. 
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Now we can find real q such that ifw = Wi + CiJvi + C3 J^fi + C5 J^Wi + • • • + 
Cs_iJ*~^Vi, then {w,J'^w) = for all h > 0. Replacing Wi by this w, we 
may assume that all inner products {vi, J'^f 1), {vi, J'^Wi), {wi, J'^Wi) vanish 
except ( J'^^^f 1, t^i) = 1. Setting Vh = J'^^^Vi and Wh = J'^^^Wi, the matrix 
of J on the basis {vi, . . . ,Vs,Wi, . . . , Wg} is 2s x 2s of the form 





1 
1 



1 
1 





1 

1 



1 
1 



and all inner products vanish except {vi, Wj) = (— 1)-'"^ if i + j = s + 1. 

Lastly, assume that s is odd. Consider J^~^Vi for Vi G V. Then there 
exists Wi € V such that (J^'^Ui, Wi) = | and {J^~^{vi + Wi),Vi + Wi) = 1. 
We proceed by replacing Vi by Vi + Wi. As before, we then have that 
1^1, Jvi, . . . , J^~^vil is a J-invariant, nondegenerate, s-dimensional subspace 
of V. Also, we can find real numbers 02, 04, ... , as_i such that 

(vi + aaJV + • • • + tts-iJ'-'^Vu J'' {vi + a2J'^Vi + ■■■ + a^-iJ^-'^Vi)) = 

for < /i < s — 2. Replacing the current Vi by Vi + a2J^Vi + - ■ ■ + as-iJ''~^Vi, 
we obtain 

{vi,j''vi)=0 for0</i<s-2, 
{vur-'v,} = 1. 

Set = J^~^vi for 1 < /i < s. The the matrix of J with respect to the 
basis {vi,V2, ■ ■ ■ , Vg} is 





1 
1 



1 
1 
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with all inner products of basis vectors vanishing except {vi,Vj) = (— 1)-'"^ 
if i + J = s + 1. 

We finish almost as usual, with 1 < r < s, but r x r blocks now. This 
completes the classification. 

References 

[1] G. Birkhoff and S. Mac Lane, A Survey of Modem Algebra, 3"^ ed. New 
York: Macmillan, 1965. 

[2] L. A. Cordero and P. E. Parker, Pseudoriemannian 2-step nilpotent Lie 
groups, Santiago- Wichita preprint DGS/CP4, 1999. arXiv: math.DG/ 

9905188 

[3] P. Eberlein, Geometry of 2-step nilpotent groups with a left invariant 
[sic] metric, Ann. scient. Ec. Norm. Sup. 27 (1994) 611-660. 

[4] R. Horn and C. Johnson, Matrix Analysis. Cambridge: U. P., 1985. 

[5] C. Jang and K. Park, Conjugate points on 2-step nilpotent groups, Geom. 
Dedicata 79 (2000) 65-80. 

[6] C. Jang and P. E. Parker, Conjugate loci of pseudoriemannian 2-step 
nilpotent Lie groups with nondegenerate center, Wichita-Ulsan preprint 
DGS/JPl, 2003. 

[7] B. O'Neill, Semi-Riemannian Geometry. New York: Academic Press, 
1983. 



15 



